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Lattice thermal conductivities κL of type-I clathrates encapsulating “off-center” guest atoms be-
have in a way that is sharply different from those of conventional crystals such as on-center type-I
clathrates. The latter decreases with increasing temperature according to 1/T above a few tensK.
While, κL of off-center clathrates increase T-linearly above a few tensK. Further increasing tem-
perature above T >
∼
100K, κL saturates without exhibiting appreciable T-dependence. In this tem-
perature regime, the standard formulation of κL based on the perturbation theory is unfeasible.
We herein present a theory of κL based on “non-perturbative” approach by taking into account the
interaction between non-vibrational off-center rattling states of guest atoms and cage shells. It is
remarkable that our theory shows excellent agreement with observed κL(T ) for off-center clathrates
in magnitudes, the cage volume Ω-dependence and T-dependence.
PACS numbers: 66.70.Df, 63.20.kp, 63.22.Gh
I. INTRODUCTION
High-temperature thermal transport is a crucial issue
in the search of efficient thermoelectric materials. This
is because operating temperatures of thermopower de-
vices are higher than room temperature. Efficient ther-
moelectric effects should be achieved by materials pos-
sessing both “glass-like” low lattice thermal conductivity
and crystal-like high electrical conductivity.1–3 Here, the
glass-like thermal conductivity is characterized from low
temperature regions as follows 2: (i) κL is proportional to
T 2+δ (δ ≪ 1)below a few K. (ii) The plateau region from
a few K to a few tensK. (iii) The T-linear rise above the
plateau from ∼10 K to 100K. (iv) The saturate regime
independent of T above T >∼100K. These are the promi-
nent hallmarks of “glass-like” thermal conductivities, al-
most identical to those of structural glasses.
Type-I clathrates are promising thermoelectric mate-
rial fulfilling the concept of phonon-glass electron crys-
tal concept. In actual, κL of type-I clathrates with
off-center guest atoms behave like those of structural
glasses.2,3 See Fig. 1. Type-I clathrate R8M16Z30
(R=Ba, Sr, Eu; M and Z=Al, Ga, In, Si, Ge, Sn) has a
Pm3¯n cubic structure, formed by the network cages con-
sisting of face-sharing polyhedrons (dodecahedron and
tetrakaidecahedron) and the encapsulated guest atoms.2
Guest atoms in tetrakaidecahedral cages will take off-
center positions when the ionic radius of guest atoms is
relatively small compared with the cage radius 5, which
has been observed in Sr8Ga16Ge30
5,9, Eu8Ga16Ge30
5,
Ba8Ga16Sn30
4, Ba7.81Ge40.67Au5.33
10 by means of x-ray
and neutron diffraction methods. The off-center guest
atoms break the translational invariance of the systems.
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FIG. 1. (Color online) Temperature dependence of κL plotted
in linear scale for various off-center type-I clathrates 4–8 and
“on-center” type-I Ba8Ga16Ge30
5. The parentheses [...] in
inset give reference numbers.
More importantly, the weakly bounded guest atoms in
cages with large open space execute non-vibrational mo-
tion above T >∼100K with large atomic displacement
parameter.9,11–14 In this context, we should mention
the concept of part-crystalline part-liquid state which
has been proposed for filled skutterudites,15,16 indicat-
ing that the non-vibrational state of rattling guest atoms
is a general aspect at high temperature for host-guest
systems.
Let us begin by giving a brief summary on pre-
2vious theoretical results on κL(T ) of off-center type-
I clathrates. The (i) described in the first para-
graph in Introduction has been successfully interpreted
by the two-level tunnelling states caused from frus-
trated electric-dipole configuration concerning to off-
center guest ions.17,18 The relevance of the localization-
delocalization (LD) transition on the onset of the plateau
at a few K (ii) has been demonstrated for the first time
by means of large-scale numerical simulations.19 In addi-
tion, the T-linear rise above a few tensK (iii) has been
explained by the hopping of strongly localized modes as-
sisted by acoustic phonons. 20 For these disordered sys-
tems, large-scale simulation based on ab initio calculation
is difficult as seen from the discrepancy between simula-
tion results and experimental measurements of room tem-
perature lifetimes.10 While, the coarse-grained Hamil-
tonian is effective since the wave-lengths λ of acoustic
phonons at THz frequency region are much larger than
the size of unit cell a0 ≃1 nm including 8 guest atoms
and 46 cage atoms bounded by strong covalent-bonding.
However, despite the importance of the issue (iv) in the
search of efficient thermoelectric materials, the underly-
ing mechanism is yet to be explained. Here we aim at
a theoretical elucidation of the underlying mechanism of
heat transfer at T >∼100K. For this purpose, we discuss
the problem from a general point of view by proposing
a theoretical model of heat transfer in host-cage systems
with off-center rattling guest atoms. In this sense, the
mechanism proposed here is applicable to a wide class of
host-guest systems involving weakly bounded atoms in
void/open structures.
II. ENERGY FLUX IN THE RATTLING
REGIME T >
∼
TR
Type-I clathrates encapsulating “off-center” guest
atoms in tetrakaidecahedron cages are composed of net-
worked host-cages of a simple cubic structure. We give a
3D Video obtained from molecular dynamics (MD) simu-
lations for type-I Ba8Ga16Sn30 involving off-center guest
atoms in Supplemental Material 21, which visualizes that
guest atoms at 400K perform “off-center” rattling mo-
tion, which are not assigned as vibrational states satisfy-
ing the condition ωτ > 1. Meanwhile, cage atoms vibrate
with smaller amplitudes around their equilibrium posi-
tions described as vibrational states. At 10K, however,
guest atoms locate at off-center positions in cages, and
vibrate there.
This aspect is consistent with THz-frequency spec-
troscopy data for off-center type-I BGS observed at var-
ious temperatures. 22,23 The data exhibit two peaks at
0.5 and 0.7 THz frequencies at TR ≃100K. Those are
assigned as librational and stretching modes relevant to
off-center guest atoms in type-I BGS. 24 Increasing tem-
perature, these two peaks collapse into a single peak
at 0.75 THz with comparable width. However, such a
characteristic has not been observed for on-center type-I
BGG 22,23. These spectroscopic data provide a strong ev-
idence for off-center guest atoms to behave as off-center
rattlers in cages at T >∼ TR.
The rattling temperature TR should play a crucial role
for κL(T ) in type-I clathrates with off-center guest atoms.
Firstly, at T <∼ TR, the systems take disordered config-
uration of guest atoms, and it converts into higher sym-
metry at T >∼ TR where guest atoms behave as rattlers in
cages. Secondary, the strong covalent-bonding between
cage atoms ensures the existence of acoustic phonons in
host cages even at T >∼ TR in contrast to rattling states of
weakly bound guest atoms 21. At T <∼ TR, the standard
kinetic formula κL(T ) = 1/(3V )
∑
ksCV (ωs)v
2
sτ(ωs) is
valid under the condition ωτ > 125. At T >∼ TR, however,
off-center guest atoms cannot be described as vibrational
states and the perturbation treatment is unavailable in
contrast to the case of on-center clathrates.26,27
We employ the formulation of energy flux available for
non-vibrational states of rattling atoms. Hardy 28 has
presented the rigorous formulation on the heat trans-
fer, from which it is straightforward to deduce the ver-
sion of energy flux working at T >∼ TR by taking the
limit h¯ → 0. The local heat flux density j (x , t) is
obtained from the continuity equation for the energy
density h(x , t) =
∑
ℓ ǫℓ(t)δ(x − r ℓ) given by the time-
dependent total energy ǫℓ(t) of ℓ-th atom at the posi-
tion vector r ℓ. The average energy flux is defined as
J = (1/V )
∫ V
j (x )dV , which yields 29
J (t) =
1
V
d
dt
[∑
ℓ
r ℓ(t)ǫℓ(t)
]
. (1)
By decomposing the contributions from guest atom i and
cage atom j by taking ℓ = i or j, we have the following
expression for the guest atom energy εi(t) and the cage-
atom’s Ej(t), which are composed of the interaction po-
tentials V CGij between guest atoms (i) and cage atoms (j)
and V CCjj′ between cage atoms (j, j
′),
εi(t) =
1
2
mx˙ 2i (t) +
1
2
∑
j
V CGij (X j , x i),
Ej(t) =
1
2
MjX˙
2
j (t) +
1
2
∑
j′
V CCjj′ (X j ,X j′ )
+
1
2
∑
i
V CGji (X j , x i), (2)
where m and Mj are masses of guest atoms and cage
atoms, and the subscript j on cage atoms is combined
with the subscript i of a guest atom since each cage in-
volves only one guest atom, i.e., j ∈ i. The position
vector x i(t) of i-th guest atom is expressed by the sum
of the small displacement q i(t) and the equilibrium po-
sition Ri, x i(t) = Ri + q i(t), and the position vector of
cage atom j is given by X j(t) = Rj +Qj(t) with Qj(t)
the small displacement of cage atom. x˙ i(t) and X˙ j(t)
are time-dependent velocities of the i-th guest atom and
the j-th cage atom, respectively.
3The substitution of Eq. (2) into Eq. (1) leads to 28,29
J (t) =
1
V
∑
i,j∈i
[
εi(t)x˙ i(t) + Ej(t)X˙ j(t)
]
+
1
V
∑
j,j′
[
(X j(t)−X j′(t))F
CC
jj′ · X˙ j(t)
]
+
1
V
∑
i,j∈i
[
(x i(t)−X j(t))F
GC
ij ·
(
x˙ i(t) + X˙ j(t)
)]
,(3)
where the interatomic force FCCjj′ between cage atoms
j, j′ and FGCij between guest atom i and cage atom j are
defined by
FCCjj′ = −
∂UCCj′
∂X j
,FGCij = −
∂UGCj
∂x i
, (4)
with
UCCj = 1/2
∑
j′
V CCjj′ (X j ,X j′),
and
UGCj = 1/2
∑
i
V GCji (X j , x i), (5)
where UCCj is the cage atom-cage atom interaction po-
tential for the cage atom j, and UGCj is the guest-cage
potential for the cage atom j. Equation (3) is applicable
for non-vibrational states in gases and liquids. The first
parenthesis in the right in Eq. (3) describes the convec-
tive contribution to heat transfer, and the second and the
third in the right are the conductive part. In off-center
type-I clathrates, the location of guest atoms deviates
significantly from the off-center equilibrium position at
T >∼ TR. It is apparent, however, that guest atoms can-
not diffuse to nearest neighbour cages. Consequently, we
do not take into account the convectional terms in Eq.
(3).
The second parenthesis in the right in Eq. (3) expresses
the energy transfer in host cage, whose constituent atoms
are bound by short-range covalent bonding. Type-I
clathrates consist of 8 guest atoms and 46 cage atoms
in unit cell, where optical modes attributing to these
atoms are irrelevant to heat transfer. In addition, the
time average of the relative distance between cage atoms
in the same cage becomes X j(t)−X j′(t) = djj′ for the
dominant nearest neighbour coupling, where djj′ is the
nearest-neighbour distance due to short-range covalent
bonding, which is much smaller than the size of cage
2R. While, at T >∼ TR, the relations x i −X j
∼= R and
x˙ i(t)≫ X˙ j∈i holds in the third parentheses
21. As a re-
sult, the third term stemmed from rattling guest atoms
should play a key role for the heat transfer at T >∼ TR.
Thus, the dominant term for energy flux at T >∼ TR in
Eq. (3) is given by
J (t) =
1
V
N∑
i,j∈i
[x i(t)−X j(t)]F ij · x˙ i(t). (6)
To assess more definitely the impact of guest atoms on
energy flux, we consider another aspect of the part of
F ij · x˙ i in Eq. (6) using the relation∑
j∈i
F ij · x˙ i(t) = ε˙i. (7)
This relation yields the thermal/time-averaged energy
flux (heat flux) at T given by
〈J (t)〉 =
N
V
Rε˙c(T ), (8)
where 〈· · · 〉 denotes the thermal average at a temperature
T . The energy fluxes from individual cages are identical
at each site because of the translational invariance of the
system at the rattling regime T >∼ TR. So, we have em-
ployed the notation εc for εi.
Let us give a qualitative interpretation on the above
formula. The kinetic energy εc can be related with the
local pressure pc in a cage and the cage volume vc by the
relation εc = pcvc. The volume change vc + δvc caused
by the interaction between guest atom and cage atoms
yields the energy change δεc(t) = εc∆c(t), where the di-
lation is given by ∆c(t) = δvc/vc. Consequently, the
off-center rattling motion of guest atom trigger the en-
ergy transfer to host cage via deformation of cage shells.
In thermal equilibrium, guest atoms convert their ener-
gies into cage-shell modes, and those are recovered by the
reverse process.
III. ENERGY FLUX FROM RATTLING GUEST
ATOMS TO HOST CAGE AT T >
∼
TR
Off-center rattling motion of guest atoms at T >∼ TR
triggers the energy exchange with host cages via the de-
formation of cages. This mechanism is identical to the
emission of phonons from a small particle immersed in an
elastic medium. We utilize the treatment on heat trans-
fer from fine particles immersed in liquid He II 30 and
liquid 3He 31 by modifying those to be applicable at high
temperatures T >∼ TR. The mean rate of energy emitted
from dilation modes of a cage is given by the square of
the velocity field v (r , t) 32,
ε˙c = ρsv‖
∮
S
|v(r)|2dS, (9)
where ρs and v‖ are the mass density and the velocity
of longitudinal phonons in host cage. dS is the surface
element surrounding a cage. Since the emitted energy
is carried away by vibrations of a cage shell, it needs to
relate the velocity field v(r ) at r to v(R) at the surface
R under the situation |r | ≥ |R|.
The velocity fields at r and R can be related by intro-
ducing the scalar potential φq(r , t) defined by v(r , t) =
gradφ(r , t) 30. The radial component of the velocity field
becomes,
|v q(r )|2 =
R4
r4
1 + (qr)2
1 + (qR)2
|vqr(R)|
2, (10)
4where q represents the wave number of emitted phonon.
This provides the emission of spherical pressure (longi-
tudinal) waves 30. The effect of shear (transverse) waves
stemmed from the angular components vqθ(R) and v
q
φ(R)
will be discussed later.
Substituting this relation into Eq. (9) and taking the
closed surface of the integration to be a sphere of radius
r > R, the mean energy emitted from a cage becomes
ε˙qc = ρsv‖
q2R4
1 + q2R2
∫ 2π
0
∫ π
0
|vqr(R)|
2dΩ, (11)
where dΩ = sin θdθdφ. The velocity field vr(R) at the
surface of a cage must equal to the time derivative of the
surface displacement of the cage, i.e., v(R, t) = u˙(R, t).
The u(R, t) is expressed by the sum of the eigenmode
J for shell vibrations of cage, where J stands for a set
of quantum numbers (ℓ,m, ωℓ,mq ) specifying the eigen-
modes. By defining the eigenmode belonging to the
eigenfrequency ωJ as ~ψJ (R), the displacement operator
is expressed by
u(R, t) =
∑
J
√
h¯
2ρsωJΩ
(aJ ~ψJ(R)e
−iωJ t +H.c.), (12)
where Ω and ρs are the volume and the mass density of
cage, respectively, and aJ and a
†
J are the Boson opera-
tors of the mode J . The eigenfunction ~ψJ(r) represents
spherical wave emitted from a cage.
The thermal-averaged total energy emitted from a cage
via longitudinal phonons is obtained by summing up J
for Eq. (11), which yields
ε˙c(T ) = ρsv‖
∑
J
q2R4
1+q2R2
∫ 2π
0
∫ π
0
dΩ
× < u˙Jr (R, t)
†u˙Jr (R, t) >, (13)
where u˙r(R) represents the normal component of the ve-
locity field at the surface of a cage. The thermal average
is defined by
< u˙Jr (R)
†u˙Jr (R) >= Tr[e
−βH u˙Jr (R)
†u˙Jr (R)], (14)
where H =
∑
J h¯ωJa
†
JaJ and β = 1/kBT . Noting
< a†JaJ >= n(ωJ , T ) given by the Bose-Einstein distri-
bution function, the integral in Eq. (13) yields 30∫ 2π
0
∫ π
0
< u˙Jr (R)
†u˙Jr (R) > dΩ =
h¯ωJ
ρsΩ
n(ωJ , T )
×
∫ 2π
0
∫ π
0
dΩ
(
∂jℓ
∂x |
2
r=R + [Higher order terms]
)
, (15)
where jℓ(x) with x = qr is the ℓ-th order spherical Bessel
function of the first kind. It should be emphasized that,
since the size of cage is small enough 2R ≈ 5A˚, the lowest
symmetric mode of cavity-cage dominantly contributes
to the energy transfer. Higher order terms in the paren-
thesis in Eq. (15) provide small contribution. Thus, the
most effective process occurs in the fundamental mode
(ℓ=0) with the eigenfrequency ω0 = 2πvs/λ0 attributing
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FIG. 2. (Color online) Observed κL for various off-center
type-I clathrates as a function of kBvs/Ω
2/3 4,6–8,10,12,33–35.
Solid inverted-triangle on off-center Eu8Ga16−xSn30+x de-
notes the thermal conductivity averaged for x = 0.47−0.76 35.
The dashed line is a guide for the eyes showing good agree-
ment with Eq. (20) for γ = 4.2. The parentheses [...] in inset
give reference numbers.
to the lowest spherical Bessel function ℓ=0 of the form
j0(x) = sinx/x in Eq. (15). The wave-length λ0 should
be λ0 = 4R for the cage with the radius R.
The heat conductance is defined by h(T ) = ∂TJ(T )
from the relation J(T +∆T )−J(T ) = h(T )∆T . By tak-
ing the high temperature relation n(ωJ , T ) = kBT/h¯ωJ
in Eq. (15) and substituting the results of Eq. (13) into
Eq. (8), we have the heat conductance due to the emission
of longitudinal acoustic phonons from a cage as
h‖(T ) =
4πkBv‖q
2
oR
5
(1 + q20R
2)Ω2
∂j0(q0r)
∂x
|2r=R, (16)
where we have used the relation N/V = 1/Ω for the
number density of off-center guest atoms, not the number
density of all atoms in the systems. It should be noted
that h¯ is cancelled out in Eq. (16). This is consistent with
the fact that the classical-dynamics works in the rattling
regime T >∼ TR. The ∂j
0(x)/∂x |r=R in Eq. (16) equals
the first-order spherical Bessel function
j1(x) = sinx/x2 − cosx/x, (17)
with x = q0R = π/2 from 4R = λ0. This gives rise to
the heat conductance
h‖(T ) = α‖kBv‖/Ω, (18)
where the prefactor is given by
α‖ = 3(q0R)
2j1(q0R)
2/(1 + q20R
2), (19)
using the relation Ω = 4πR3/3. It is straightforward
to incorporate the effect of shear (transverse ⊥) waves
5stemmed from the angular components of the velocities
vqθ(R) and v
q
φ(R) according to the treatment of the heat
transfer from small particles to liquid 3He 31. Note that
transverse modes propagate in liquid 3He, but not in liq-
uid 4He. The prefactor α⊥ is obtained by taking into
account the dominant contribution from the lowest or-
der of modes, i.e., by replacing ∂j0(x)/∂x |2r=R and v‖
in Eq. (16) with the eigenfunctions of shear modes and
v⊥
31.
The thermal conductivity κL is obtained from the total
conductance h(T ) = h‖(T ) + h⊥(T ) by multiplying the
lattice constant a0 of type-I clathrates with off-center
guest atoms using the relation a0/2 = 2R. This is ex-
pressed in terms of the cage volume Ω as,
κL(T ) = γ
kBvs
Ω2/3
, (20)
where vs is the average velocity of acoustic phonons de-
fined by vs = (v‖+2v⊥)/3. This expression directly pro-
vides the relevance of guest atoms to high-temperature
κL(T ) via the cage volume Ω. We can evaluate the pref-
actor as γ = 2.61 from the expressions of α‖ and α⊥.
This γ-value attributes to the contribution from funda-
mental modes of a cage, so it should be considered as the
lower limit of κminL at T
>
∼ TR. The proper value of γ
can be obtained by incorporating higher-order terms of
modes. Thus, the prefactor γ = 4.2 estimated in Fig. 2
can be recovered. Equation (20) shows T-independent
saturated κL in accord with the observations shown in
Fig. 1. The Ω-dependence in Eq. (20) is consistent with
the experimental data for off-center clathrates showing
“glass-like” thermal conductivity as seen from Fig. 2, in
addition to the agreement with observed magnitudes of
κL(T ).
IV. RELEVANCE TO THE CONCEPT OF THE
MINIMUM THERMAL CONDUCTIVITY
The concept of the minimum thermal conductivity
(MTC) was first proposed by Slack 36 by employing
the standard formula of thermal conductivity κ(T ) =
(1/3V )
∑
k CV vsℓ. This formula yields
κSKmin(T ) =
kBvs
(
6π2n
)2/3
2π
× I(xD), (21)
where the transport integral is given by
I(xD) =
2
x2D
∫ xD
0
x3exdx
(ex − 1)2
. (22)
Here, x = h¯ω/kBT and xD = h¯ωD/kBT with the
Debye cut-off frequency ωD. The number density of
atoms n is related to the Debye temperature by θD =
h¯vs(6π
2n)1/3/kB of ”monoatomic” systems. The term
x3 in the transport integral comes from the combination
of the Debye density of states and the postulated mean-
free-path of acoustic phonons of the form ℓ(ω) = 2πvs/ω
or equivalently qℓ(ω) = 2π, which is identical to the Ioffe-
Regel (IR) criterion for strongly localized (SL) modes ex-
cept the factor 2. In the SL regime, the mean-free-path
ℓ and the localization length collapse into a single length
scale, i.e., those have the same meaning. The prefactor
kBvs
(
6π2n
)2/3
/2π in κSKmin(T ) provides the MTC at high
temperatures.
Cahill and Pohl 37 have explicitly postulated that “all”
acoustic phonons are strongly localized with the local-
ization length ℓ ≃ λ/2 according to the Ioffe-Regel (IR)
criterion of qℓ(ω) = π 38. The formula 37 is given by
κCPmin =
kBvs(6π
2n)2/3
4π
× I(xD). (23)
This is the same as κSKmin in Eq. (21) except the factor 2
in the denominator stemmed from the IR criterion em-
ployed. These κ
SK/CP
min are proportional to the number
density of atoms according to n2/3. In applying the for-
mula for actual systems with many atoms in unit cell
such as the case of type-I clathrates with 54 atoms in unit
cell or fullerene derivatives 40,41, it is crucial that the De-
bye model 36,37 not allowing modes ω ≥ ωD exhausts the
number of degrees of freedom. Thus, the MTC formula
gives rise to the overestimation of κmin for these sys-
tems. 40,41 In addition, the formulae 36,37 give the tem-
perature dependence proportional to T 2 at T <∼ θD.
This prediction is conflict with the experimental data
κL(T ) ∝ T above the plateau temperature region from a
few tensK to ∼100K of off-center clathrates and struc-
tural glasses (iii).2 The discrepancy arises from their pos-
tulate that all acoustic phonons are strongly localized.
This postulate is “only” valid for fracton excitations in
fractal structures.39 Thus, the physical basis of our the-
ory based on non-perturbative approach is distinct from
these MTC.
V. SUMMARY
We have given a theory on the underlying mechanism
governing high-temperature κL(T ) of type-I clathrates
with off-center guest atoms, focusing on the regime at
T >∼ TR. Our approach is based on non-perturbative
treatment, different from the standard one according to
the perturbation theory. As seen from the 3D Video
of MD simulations in Supplemental Material, off-center
rattling motion of guest atoms perform spontaneous dis-
placement with large amplitude in cages, which induces
the deformation of surrounding cages, and the energy ex-
change between cage and guest atom occurs via phonon
emission/absorption. We point out that the theory pro-
posed here is applicable for host-guest systems involv-
ing weakly bound atoms in void/open structures, al-
though we have exemplified the systems of off-center
clathrates. It is remarkable that the prediction of the for-
mula Eq. (20) shows excellent agreement with observed
κL(T ) for off-center clathrates in magnitude, tempera-
ture dependence and the cage-volume Ω dependence.
6To conclude, our theoretical investigation based on
non-perturbative approach provides one of guiding prin-
ciples for searching and designing efficient thermoelectric
materials operating at high temperatures with very low
lattice thermal conductivities. In addition, the princi-
pal mechanism described here works for a wide class of
complex disordered systems such as structural glasses in-
volving weakly bound atoms in void structures. These
are in some respects similar to those of clathrates with
rattling guest atom. Finally, we note that large-scale MD
simulations of heat transfer for our systems are effective
to demonstrate the validity of the present theory.
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